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PSEUDOCOMPACTNESS AND THE UNIFORM
METASTABILITY PRINCIPLE IN MODEL THEORY
CLOVIS HAMEL1 AND FRANKLIN D. TALL1
Abstract. We prove that uniform metastability is equivalent to all
closed subspaces being pseudocompact and use this to provide a topo-
logical proof of the metatheorem introduced by Caicedo, Duen˜ez and
Iovino on uniform metastability and countable compactness for logics.
I. Introduction
Terence Tao [Tao08] introduced the notion of metastability : for a sin-
gle sequence, being metastable is just to be Cauchy. However, uniform
metastability is an intermediate form of convergence for families of sequences,
in between uniform convergence and pointwise convergence. Tao has used
metastability to solve problems in ergodic theory [Tao]. Eduardo Duen˜ez
and Jose´ Iovino realized the logical nature of metastability and have been ap-
plying it extensively [DI17]. Duen˜ez, Iovino and Xavier Caicedo introduced
the Topological Uniform Metastability Principle [CDI19] and proved that it
holds for countably compact spaces. Then they proved that the converse
implication holds for the space of structures of continuous logic. The proof
is long and model-theoretic, so we were inspired to find a purely topologi-
cal short proof, which we present here, and from which the model theoretic
result follows at once. This is likely the first application of pseudocompact-
ness to model theory. Since our intended audience is model theorists, we
include proofs of relevant material on pseudocompactness scattered through
the topological literature.
II. A Brief Introduction to Metastability
Definition 2.1. A sampling of ω is a family {ηn : n < ω} ⊆ [ω]
<ω such
that ηn ⊆ ω
r n for each n < ω. Let S denote the set of all samplings of ω.
Let (X, d) be a metric space. A sequence 〈xn : n < ω〉 is metastable if
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for each ε > 0 and each sampling η, there is m < ω such that (∀i, j ∈
ηm) (d(xi, xj) < ε).
It was proved by Duen˜ez and Iovino [DI17] that a sequence is metastable if
and only if it is Cauchy. The relevant distinction occurs when one considers
uniform metastability:
Definition 2.2. A family A ⊆ Xω, where (X, d) is a metric space, is uni-
formly metastable if there is a family {Eε,η : ε > 0, η ∈ S} such that
whenever η ∈ S and ε > 0, each sequence in A is metastable witnessed by
the same m < Eε,η. A sequence of functions 〈fn : n < ω〉 in R
X is uniformly
metastable if there is a family {Eε,η : ε > 0, η ∈ S} such that whenever
η ∈ S and ε > 0, for each x ∈ X the sequence 〈fn(x) : n < ω〉 is metastable
witnessed by the same m < Eε,η.
The following examples from an early version of [CDI19] show that uni-
form metastability is strictly in between uniform convergence and pointwise
convergence:
• The family of all eventually 0 sequences in 2ω is not uniformly
metastable even though each sequence is trivially convergent. To
see this, take the subfamily of all sequences with arbitrarily long
initial segments with alternated 0’s and 1’s and ηn = {n, n+ 1}.
• The set of all monotonic sequences in 2ω is uniformly metastable
witnessed by Eε,η = max η0. However, the convergence is not uni-
form.
It is a natural to ask when results regarding pointwise convergence of
functions can be improved to uniform metastability in a way similar to that
of Tao’s metastable dominated convergence theorem [Tao08]. In [CDI19],
a topological proof is given for the following fact: if X is countably com-
pact, then on any closed subspace, there is no distinction between pointwise
convergence and uniform metastability. The converse result is only proved
in [CDI19] in a model theoretic setting using powerful machinery. We pro-
duced a topological proof of this converse result using the following fact: a
countably compact space is a space with every closed subspace pseudocom-
pact. The model theoretic result follows at once from this topological fact
and a few basic remarks.
Definition 2.3. A topological space X is pseudocompact if every continuous
real-valued function on X has bounded image.
There is a whole book devoted to pseudocompact spaces [HTMT18]. The
following basic result can also be found in [Tka15]:
Proposition 2.1. A completely regular space X is pseudocompact if and
only if every locally finite family of non-empty open sets (i.e. every point
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of X has a neighbourhood meeting at most finitely many members of the
family) is finite.
Proof. Suppose X is pseudocompact and that there is an infinite locally
finite family of non-empty open sets {Un : n < ω}. Take xn ∈ Un for each
n < ω. By complete regularity, take a continuous fn : X → R such that
fn(xn) = n and f ↾ X
rUn = 0. Then F =
∑
n<ω fn is continuous since
{Un : n < ω} is locally finite: given x ∈ X, let Sx = {n < ω : x ∈ Un} ∈ [ω]
ω;
the continuity of F at x follows from
⋃
n∈Sx
Un =
⋃
n∈Sx
Un. Conversely,
suppose X is not pseudocompact, then there is an unbounded continuous
function f : X → R. Since f2 is also continuous and unbounded, we can
assume f ≥ 0. Let x0 ∈ f [X]; if xn ∈ f [X] has been constructed, take
xn+1 ∈ f [X] such that f(xn+1) > f(xn) + 1. If we denote the ball of
center f(xn) and radius 1 by B(f(xn), 1), then B = {f
−1[B(f(xn), 1)] :
n < ω} is an infinite family of pairwise disjoint non-empty open sets. Now
suppose B is not locally finite, then there is a point x ∈ X such that every
open neighbourhood of x contains elements with arbitrarily large images,
contradicting the continuity of f .

Remark Notice that when pseudocompactness fails, one can get the infi-
nite locally finite family of open sets to be pairwise disjoint. Also notice that
complete regularity is unnecessary for the direction “every locally finite fam-
ily of open sets is finite” implies pseudocompactness. However, regularity is
required.
The following proposition follows from a theorem and an exercise in
[Eng89];
Proposition 2.2. A space is countably compact if and only if every closed
subspace is pseudocompact.
Proof. If X is countably compact and there is a closed subspace C ⊆ X that
is not pseudocompact then, as in the proof of Proposition 2.1, C includes a
closed discrete subspace and so does X, which contradicts countable com-
pactness. Conversely, if X is not countably compact, it includes a discrete
closed set C = {xn : n < ω}. Letting f(xn) = n, we obtain a continuous
unbounded function on C. 
Now we present the connection between pseudocompactness and uniform
metastability:
Proposition 2.3. Let X be a regular topological space. If every sequence of
continuous real-valued functions 〈fn : n < ω〉 on X that converges pointwise
is uniformly metastable, then X is pseudocompact.
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Proof. Suppose X is not pseudocompact and let B = {Un : n < ω} be a
infinite locally finite family of pairwise disjoint non-empty open sets. For
each n < ω, take xn ∈ Un. Then consider the functions fn : X → R such
that f(xn) = 1 and f ↾ X
rUn = 0. Then the function F =
∑
n<ω fn is con-
tinuous since B is locally finite. Consider gn =
∑
i≤n fi. Then the sequence
of continuous functions 〈g0, F, g1, F, g2, F, . . .〉 converges pointwise to F but
it is not uniformly metastable as it contains all eventually 1 sequences with
arbitrarily long initial segments of alternating 0’s and 1’s. 
Definition 2.4. The Topological Uniform Metastability Principle holds for
a topological space X if whenever a sequence of real-valued continuous func-
tions converges pointwise on a closed subspace C ⊆ X, it is uniformly
metastable on C.
The previous results allow us to characterize the equivalence between the
topological uniform metastability principle and pointwise convergence.
Theorem 2.4. Let X be a completely regular space. Then X is countably
compact if and only if the topological uniform metastability principle holds
for X.
Proof. We reproduce the proof given in an early version of [CDI19] when
X is countably compact: assume uniform metastability fails and let ε > 0
and η ∈ S be witnesses of this fact. Then, for each n < ω, there is x ∈ X
such that for each k < n, Mx,k = max {|fi(x)− fj(x)| : i, j ∈ ηk} ≥ ε. Then
x ∈
⋂
k≤nAk where Ak = {z ∈ X : Mz,k ≥ ε} is closed by the continuity
of the fn’s. Thus {Ak : k < ω} is centred and by countable compactness,
there is x ∈
⋂
k<ω Ak, which contradicts the convergence of 〈fn(x) : n < ω〉.
Conversely, suppose X is not countably compact. Then, by Proposition 2.2,
there is a closed subspace C ⊆ X that is not pseudocompact and so, by
Proposition 2.3, there is a sequence of continuous real-valued functions on
X that converges pointwise on C but is not uniformly metastable on C. 
Remark The current version of [CDI19] proves the previous equivalence
assuming that X is regular and paracompact. We just showed that the
paracompactness assumption can be replaced by assuming that X is com-
pletely regular. Also, [CDI19] points out that the analogue of the uniform
metastability principle for nets, instead of sequences, is equivalent to X
being compact.
III. The Uniform Metastability Principle
Logics for metric structures are properly presented in [Eag17] and [Cai17].
Given a logic for metric structures L and a language L, recall that the
topology on the space of L-structures Str(L) is determined by the basic
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closed sets [ϕ] = {M ∈ Str(L) : M |= ϕ}. We regard L-sentences as
continuous [0, 1]-valued functions on the space of L-structures in the natural
way: M 7→ ϕM. In this context, we now define the model theoretic analogue
of metastability:
Definition 3.1. Let L be a logic for metric structures and L a language.
Given an L-theory T , we say that a sequence of L-sentences 〈ϕn : n < ω〉
converges pointwise modulo T if and only for for every model M of T , the
sequence 〈ϕn
M : n < ω〉 converges. We say that the sequence is uniformly
metastable modulo T if the family {〈ϕn
M : n < ω〉 : M |= ϕ} is uniformly
metastable.
Definition 3.2. The Uniform Metastability Principle (UMP) for a logic L
is the following statement: ”if L is a vocabulary and T is an L-theory, then
every sequence of L-sentences 〈ϕn : n < ω〉 that converges pointwise modulo
T is also uniformly metastable modulo T”.
In an early version of [CDI19], it was proved that the UMP is equivalent
to the logic being countably compact. This follows from the following two
lemmas:
Lemma 3.1. The logic topology is completely regular.
Proof. Let C ⊆ Str(L) and M /∈ C. Then there must be a formula ϕ such
that ϕM < 1 and (∀N ∈ C) ϕN = 1 (as otherwise M would belong to C by
the definition of the topology on Str(L)). Then ϕ is the continuous function
that separates C and M. 
Lemma 3.2. The closed subspaces of the logic topology are completely
determined by L-theories, i.e. C ⊆ Str(L) is closed if and only if there is
an L-theory T such that C is the set of L-structures that are models of T .
Proof. Suppose C is a closed set in Str(L), then C is the intersection of
basic closed sets, say C =
⋂
α<κ[ϕα]. Thus C is the set of L-structures that
are models of the theory T = {ϕα : α < κ}. Conversely, each model of an
L-theory T belongs to the intersection of all [ϕ] where ϕ ranges over T . 
Definition 3.3. A logic L is countably compact if and only if given a lan-
guage L, the space of L-structures Str(L) is countably compact.
Putting all this together, we easily obtain the main result of the early
version of [CDI19]:
Theorem 3.3. Let L be a logic for metric structures. The UMP holds if
and only if L is countably compact.
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